We study Lorentz violation effects to flavor transitions of high energy astrophysical neutrinos. It is shown that the appearance of Lorentz violating Hamiltonian can drastically change the flavor transition probabilities of astrophysical neutrinos.
I. INTRODUCTION
Although physical laws are believed to be invariant under Lorentz transformation, violations of Lorentz symmetry might arise in string theory as discussed in [1, 2] . It is possible to incorporate Lorentz violation (LV) effects in an observer-independent effective field theory, the so-called Standard-Model Extension (SME) [3, 4] , which encompasses all the features of standard model particle physics and general relativity plus all possible LV operators [5] [6] [7] .
While LV signatures are suppressed by the ratio Λ EW /m P with Λ EW the electroweak energy scale and m P the Planck scale, experimental techniques have been developed for probing such signatures [8, 9] . The effects of LV on neutrino oscillations were pointed out in [10] [11] [12] . One can categorize LV effects to neutrino flavor transitions into three aspects: the modifications to energy dependencies of neutrino oscillation probabilities, the directional dependencies of oscillation probabilities, and the modifications to neutrino mixing angles and phases. In the standard vacuum oscillations of neutrinos, the oscillatory behavior of flavor transition probability is determined by the dimensionless variable ∆m 2 L/E with ∆m 2 the neutrino mass-squared difference, L the neutrino propagation distance, and E the neutrino energy.
This dependence results from the Hamiltonian H SM = U M 2 U † /2E with M ). The extra terms in Lorentz violating Hamiltonian H LV introduces L and LE dependencies into the oscillation probability, in addition to the standard L/E dependence. The directional dependence of oscillation probability is due to the violation of rotation symmetry in H LV . The coefficients of LV operators change periodically as the Earth rotates daily about its axis. This induces temporal variations of neutrino oscillation probability at multiples of sidereal frequency ω ⊕ ≈ 2π/(23 h 56 min). Finally the full Hamiltonian H ≡ H SM + H LV is diagonalized by the unitary matrix V which differs from U due to the appearance of H LV .
Hence the values of neutrino mixing angles and phases associated with V deviate from those associated with U . Such deviations increase with neutrino energies since H SM is O(E −1 )
while H LV contains O(E 0 ) and O(E) terms.
Experimentally, effects of Lorentz violation on neutrino oscillations have been investigated in short-baseline neutrino beams [13] [14] [15] [16] , in long-baseline neutrino beams [17, 18] , in reactor neutrinos at Double Chooz [19, 20] , and in atmospheric neutrinos at IceCube [21] and SuperKamiokande [22] . These experiments probe either the spectral anomalies of the oscillated neutrino flux or the sidereal variations of neutrino oscillation probabilities. In this paper, we shall focus on LV effects to neutrino mixing angles and phases. As mentioned before, these effects grow with neutrino energies. Thus it is ideal to probe such effects through the flavor transitions of high energy astrophysical neutrinos. For simplicity, we only consider isotropic LV effects.
The observation of high energy astrophysical neutrinos by IceCube [23] [24] [25] [26] is a significant progress in neutrino astronomy and provides new possibilities for testing neutrino properties.
The first result by IceCube on the flavor composition of observed astrophysical neutrinos has been published in [27] , and was updated in [28] by a combined-likelihood analysis taking into account more statistics. Meanwhile, independent efforts have been made to determine neutrino flavor compositions from IceCube data [29] [30] [31] 34] . As we shall see in latter sections, the flavor measurement in [28] is able to constrain H LV more stringently than the previous experiments if the detected high energy neutrinos are produced from a special class of astrophysical sources. However, for more general astrophysical sources, the constraining power of the above measurement diminishes. Fortunately there is an active plan for extending the current IceCube detector to a larger volume, which is referred to as IceCube-Gen2 [35, 36] .
This extension shall increase the effective area of the current 86-string detector up to a factor of 5. The expected improvement on neutrino flavor discrimination by IceCube-Gen2 has been studied in [37] . Using this result, we shall study sensitivities of IceCube-Gen2 to the parameters of H LV .
Astrophysical neutrinos are commonly produced by either pp or pγ collisions at astrophysical sources. For sufficiently high energies, pp collisions produce equal number of π + and π − , which decay to neutrinos through π
This leads approximately to the flux ratio source is referred to as the pion source. A more detailed study on the neutrino flavor fraction with the consideration of neutrino spectral index is given in [38] . For an E −2 spectrum, the neutrino flavor fraction at the source is (f 
However, for the purpose of this work, it suffices to
. We note that the secondary muons in some astrophysical objects can lose energy quickly by synchrotron cooling in magnetic fields or interactions with matter before their decays. Hence the neutrino flavor fraction at the source becomes (0, 1, 0). This type of source is referred to as the muon-damped source [31, [39] [40] [41] . The production mechanism of astrophysical neutrinos with pγ collisions is more complicated.
The leading process of this category is pγ → nπ + which gives rise to the flavor fraction (1/2, 1/2, 0) for neutrinos and (0, 1, 0) for anti-neutrinos. The sub-leading process is pγ → pπ + π − which is non-negligible when the spectral index β of the target photon is harder than β ∼ 1 [32, 33] . This process produces equal number of neutrinos and anti-neutrinos with a common flavor fraction (1/3, 2/3, 0). Since the flavor fraction of neutrinos produced by pγ collisions is relatively uncertain, we shall only astrophysical neutrinos produced by pp collisions in our analysis.
We note that effects of new-physics Hamiltonian (with Lorentz violation as a special case),
n , to the flavor transitions of astrophysical neutrinos were discussed in [42, 43] for n = 0 and 1 (similar discussions were also given in [44] [45] [46] ). The authors scan all possible structures of the mixing matrix U n for given new-physics scales Λ n and O n and determine the allowed range of astrophysical neutrino flavor fractions on Earth resulting from the full Hamiltonian
n . In our work, we shall focus on LV effects which are parameterized in a different form from the above new-physics Hamiltonian. We shall discuss current and future constraints on LV effects by comparing the predicted neutrino flavor fractions with the measurement by the current IceCube detector [28] and that expected [37] in the future IceCube-Gen2 detector. Our results can be directly compared with previously most stringent constraints obtained by Super-Kamiokande [22] . This paper is organized as follows. In Sec. II, we incorporate LV effects into the full neutrino Hamiltonian in the framework of SME. We then study analytically the flavor transition of astrophysical neutrinos assuming the dominance of H LV over H SM . As stated before such a dominance is possible for high energy astrophysical neutrinos. We discuss constraints on LV effects by the current IceCube flavor measurement. Such discussions pave the way for detailed numerical studies in the next section. In Sec. III, we study the flavor transitions of astrophysical neutrinos with the full Hamiltonian H = H SM + H LV . The expected sensitivities of IceCube-Gen2 to H LV are studied. We conclude in Sec. IV.
II. LORENTZ VIOLATION IN NEUTRINO OSCILLATIONS
Lorentz violation effects in neutrino oscillations are incorporated by introducing a Lorentz violation term H LV in addition to the standard model neutrino Hamiltonian. Hence
where
is the standard model neutrino Hamiltonian in vacuum with M 2 the neutrino mass matrix
U is the PMNS matrix. Here we do not consider matter effects to neutrino propagations inside the Earth. This is because we only focus on neutrino events with energies higher than few tens of TeV such that the Earth regeneration effect to the neutrino flavor transition is negligible. For neutrinos, the general form of LV Hamiltonian is given by 
Since we shall only consider isotropic LV effects, H ν LV in this simplification reduces to [10] 
where T is the time component of Sun-centered celestial equatorial frame (T, X, Y, Z).
For anti-neutrinos, we have
Diagonalizing the full Hamiltonian in Eq. (1) yields a new mass-flavor mixing matrix V .
The neutrino flavor transition probability is then given by
where ∆E ji ≡ E j − E i is the difference between the energy eigenvalues. For high-energy astrophysical neutrinos, L is so large that the rapid oscillating terms are averaged so that
Since P αβ depends only on the elements of V , the neutrino flavor composition observed on the Earth for a given astrophysical neutrino source is affected by LV parameters. Therefore, Even by considering H ν,ν LV alone, it is still rather cumbersome to analytically diagonalize the Hamiltonian and calculate the transition probability P αβ . In this section, we focus on special patterns of H ν,ν LV and calculate their corresponding flavor transition probabilities P αβ . Results from these special scenarios are helpful for us to perform detailed numerical studies in the next session.
A. Only a T eµ and a T * eµ are non-vanishing
We first consider a special pattern that only a 
It is easy to show that the diagonalization of Hν LV also leads to the same transition probability matrix. With an identical transition probability matrix for neutrinos and anti-neutrinos, we note that the flavor fraction of ν +ν flux on the Earth is (1/2, 1/2, 0) for the pion source.
For the muon damped source, this transition probability matrix also gives rise to the same flavor fraction of ν +ν flux on the Earth coincidentally. This flavor fraction is within the 68% confidence region of the current IceCube measurement as shown in Fig. 1 . In this figure we also show the expected sensitivities of IceCube-Gen2 from Ref. [37] , which is based upon 10 years of exposure to astrophysical neutrinos from the pion type of sources with energies beyond 100 TeV in a E −2.2 spectrum.
B. Only a T eτ and a T * eτ are non-vanishing
We next consider a special pattern that only a 
for both neutrinos and anti-neutrinos. With the transition probability matrix given by Eq. (9), the flavor fraction of ν +ν flux on the Earth is (1/6, 2/3, 1/6) for the pion source and (0, 1, 0) for the muon damped source as shown in Fig. 1 . For the case of pion source, the flavor fraction on the Earth is at the boundary of current IceCube 95% confidence region. For the muon-damped source, the flavor fraction on the Earth is disfavored by current IceCube with more than 2σ significance.
C. Only a T µτ and a T * µτ are non-vanishing
We next consider a special pattern that only a LV . In such a case, the transition probability is
for both neutrinos and anti-neutrinos. It is easily seen that this matrix differs from previous one by the interchange e ↔ τ as it should be. With such a transition matrix, the flavor fraction of ν +ν flux on the Earth is (1/3, 1/3, 1/3) for pion source and (0, 1/2, 1/2) for the muon-damped source, respectively. The former lies on the boundary of 68% confidence region of IceCube measurement while the latter is within the 95% confidence region as shown in Fig. 1 .
D. Only diagonal elements are non-vanishing
Since the flavor transition probability only depends on the differences of diagonal elements, one can take the non-vanishing diagonal elements as a (7) is not well defined. Hence the neutrino flavor ratio on the Earth is (1/3, 2/3, 0) for the pion source and (0, 1, 0) for the muon-damped source. The former is within the IceCube 95% confidence region while the latter is out of this region similar to the case B.
From the above special cases of H ν,ν LV , one can see that the case B is at the highest tension with the current IceCube measurement, particularly if all the detected neutrino events are from the muon-damped source. On the other hand, the case C is in the best agreement with the current data.
In the next section, we shall perform detailed analyses, which include considering deviations to the special patterns of H ν,ν LV and taking into account the effects of H SM . We shall assume the simplest scenario that all the astrophysical neutrinos are produced by the pion source. This is also the conservative assumption since the predictions by H 
III. THE SENSITIVITY OF ICECUBE-GEN2 IN PROBING THE LORENTZ VIOLATION PARAMETERS
In this section, we apply the projected flavor discrimination sensitivity of IceCubeGen2 [37] to estimate the future constraints on Lorentz violation parameters. In the above projected sensitivity, only the pion source produced by pp collisions is considered. Therefore we shall only consider this type of source in the following discussions. From Fig. 1, we note that the predictions by all the special LV patterns except the one with |a T µτ | = 0 are outside of the projected 3σ confidence region of IceCube-Gen2. Hence we will consider deviations to such patterns of H ν,ν LV together with the contributions from H SM for generating the predictions to neutrino flavor compositions. In our numerical studies, the neutrino mixing parameters in H SM are taken from [47] . The neutrino energy appearing in H SM should in principle follow the E −2.2 distribution with the threshold at 100 TeV according to Ref. [37] .
However, for simplicity, we fix E = 100 TeV. This is a conservative choice that makes H Initially we allow all the parameters to grow into the same upper limit in absolute values until the above mentioned 3σ boundary is touched. We then allow |a T µµ | and |a T τ τ | to grow further since P αβ is less sensitive to the growth of these two parameters. It is understood that such a scanning procedure will not identify the full disfavored parameter space. However the result is sufficient to tell us how well IceCube-Gen2 can constrain H ν,ν LV in the future. We note that the above scanning procedure produces the same constrained parameter region for neutrinos and antineutrinos. There are two reasons for this. First, for the pion source due to pp collisions, there are equal numbers of neutrinos and anti-neutrinos produced with a common flavor fraction.
Second, by comparing Eqs. (4) and (5) −23 GeV, respectively [22] . For our following studies, we shall take |a Table I . −23 GeV, respectively [22] . As in the previous case, we also choose |a T eτ | to be 5 × 10 −24 GeV, and 5 × 10 −25 GeV, respectively. Once again we work out the expected ranges of LV parameters to be highly constrained by IceCube-Gen2. The results are shown in Fig. 3 and Table II . It is found that the disfavored parameter ranges in the |a T eτ | dominance scenario are larger than those in the |a Table II . LV are not studied in Ref. [22] . To study these constraints, we again take a T µµ as 5×10 −24 GeV and 5×10 −25 GeV, respectively. The LV parameter ranges expected to be constrained by IceCube-Gen2 are shown in Fig. 4 and Table III Table IV . GeV. The disfavored parameter ranges are almost the same for |a 
IV. DISCUSSIONS AND CONCLUSIONS
In this paper, we discuss the sensitivities of future IceCube-Gen2 to Lorentz violation parameters in the neutrino sector. We consider astrophysical neutrinos from the pion source caused by pp collisions. In such a case, there are equal numbers of neutrinos and antineutrinos produced with the flavor fraction (1/3, 2/3, 0) at the source for both neutrinos and anti-neutrinos. Taking f α ≡ Φ(ν α )/(Φ(ν e )+Φ(ν µ )+Φ(ν τ )) as the neutrino flavor fraction on the Earth, we have f e = P ee /3 + 2P eµ /3. Since P αβ = P βα still holds with the addition of LV Hamiltonian, we have P ee = 1−P µe −P τ e = 1−P eµ −P eτ . Hence f e = 1/3+(P eµ −P eτ )/3.
Similarly we can show that f µ = 1/3 + (P µµ − P µτ )/3, and f τ = 1/3 + (P µτ − P τ τ )/3. Clearly for astrophysical neutrinos arising from the pion source, the deviation of their flavor fraction to (1/3, 2/3, 0) is solely due to µ − τ symmetry breaking in the transition probability matrix. For the standard model Hamiltonian H SM , the µ − τ symmetry breaking effects are small.
To leading orders in cos 2θ 23 and sin θ 13 , one has (P eµ −P eτ ) = 2 , (P µµ −P µτ ) = (P µτ −P τ τ ) = − with = 2 cos 2θ 23 /9 + √ 2 sin θ 13 cos δ/9 (taking sin 2 θ 12 = 1/3) [48] (8) gives (P eµ − P eτ ) = (P µµ − P µτ ) = 1/2 and (P µτ −P τ τ ) = −1. In this case, the resulting flavor fraction of astrophysical neutrinos arriving on Earth deviates significantly from (1/3, 1/3, 1/3). Therefore we study the scenario of (9) gives (P eµ − P eτ ) = (P µτ − P τ τ ) = −1/2 and (P µµ − P µτ ) = 1. Hence the sensitivity of future IceCube-Gen2 to the |a T eτ | dominance scenario has been studied as well. We also study the diagonal dominance scenario of H LV . The neutrino flavor transition matrix is an identity matrix in this case, which gives (P eµ − P eτ ) = 0, (P µµ − P µτ ) = 1, and (P µτ − P τ τ ) = −1. Once more the µ − τ symmetry-breaking effects are large and the sensitivity of future IceCube-Gen2 to such class of LV Hamiltonian was also studied. Finally we do not study further the scenario of |a In summary, we have taken a phenomenological approach that incorporate all LV effects in the neutrino sector with a set of local operators [3] [4] [5] [6] [7] . To simplify our discussions, we consider only the isotropic LV effects [10] , so that the structure of LV Hamiltonian is given by Eqs. (4) and (5). We have worked out the sensitivities of IceCube-Gen2 to the dimensionful LV parameters a T αβ and the dimensionless LV parameters C T T αβ , respectively. Our approach focuses on constraining some specific flavor structures of LV Hamiltonian using anticipated sensitivities of IceCube-Gen2 to the flavor fraction of high energy astrophysical neutrinos. These expected constraints differ from previous ones which only impose limit on each individual matrix element of H ν,ν LV while setting all the other matrix elements to zero. We have also shown that the expected IceCube-Gen2 constraints to a T αβ and C T T αβ could be better than the current bounds [22] by at least two orders of magnitudes.
